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Summary
We present a multilevel frailty model for handling serial dependence and simultaneous hetero-

geneity in survival data with a multilevel structure attributed to clustering of subjects and the

presence of multiple failure outcomes. One commonly observes such data, for example, in multi-

institutional, randomized placebo-controlled trials in which patients suffer repeated episodes

(e.g. recurrentmigraines) of the disease outcomebeingmeasured. Themodel extends the propor-

tional hazards model by incorporating a random covariate and unobservable random institution

effect to respectively account for treatment-by-institution interaction and institutional variation

in the baseline risk. Moreover, a random effect term with correlation structure driven by a first

order autoregressive process is attached to themodel to facilitate estimation of between patient

heterogeneity and serial dependence. By means of the generalized linear mixed model (GLMM)

methodology, the random effects distribution is assumed normal and the residual maximum like-

lihood (REML) and the maximum likelihood (ML) methods are extended for estimation of model

parameters. Simulation studies are carried out to evaluate the performance of the REML and

the ML estimators and to assess the impact of misspecifying random effects distribution on the

proposed inference. We demonstrate the practical feasibility of the modeling methodology by

analyzing real data from a double-blind randomized multi-institutional clinical trial, designed to

examine the effect of rhDNase on the occurrence respiratory exacerbations among patients with

cystic fibrosis.

KEYWORDS:
GLMM, multilevel frailty model, random baseline risk, random treatment-by-institution interac-
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1 INTRODUCTION

In the field of epidemiology and biomedical science, researchers frequently encounter survival data with a multilevel clustering structure. Such a
clustering structure may arise naturally as in studies of human inheritance where offsprings are grouped within families and families also nested
within geographical regions. It may also result from experimental design, for example clinical trials conducted in several randomly selected institu-
tions (e.g. hospitals), where the institutions are also chosen from different locations, for example regions/countries. A typical case is the data from
the child survival study1 in which children are clustered by families, and familes in turn are nested within communities. In such scenarios, children
may serve as a proxy for level 1 units onwhich the survival outcomes aremeasured, with families and communities representing level 2 and 3 units,
respectively. Moreover, survival data consisting of multiple failure outcomes such as recurrent events (e.g. tumour relapses, transient ischemic
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attacks) from multi-institutional clinical trials constitute such multilevel structure, as in addition to the participating institutions each patient also
denote a cluster on which one or more survival or censored times are encountered. The data set from the rhDNase trial of recurrent pulmonary
exacerbations in cystic fibrosis patients2 is a typical example. In this trial, patients who could potentially develop multiple endpoints due to recur-
rent pulmonary exacerbations were recruited into different institutions and randomized to either treatment rhDNase or placebo. The trial results
maywell be considered as a three level survival data, with exacerbations regarded as level 1 units, patients as level 2 units and institutions as level 3
units which are nested accordingly.We refer readers to the chronic granulomatous disease (CGD) data3 and the data set of recurrent urinary tract
infections4 as these appear to be similar examples.
An intuitive approachoftenused toanalyzemultilevel survival data is themultilevel frailtymodel1,5,6,7 adventedasextensionofCoxproportional

hazardsmodel,8 in which two independent unobservable random effects actingmultiplicatively on the baseline hazard are incorporated to account
for heterogeneity in failure outcomes induced by the multilevel clustering structure. Yau5 proposed the use of the normal distribution for the ran-
dom effects in the multilevel frailty model and demonstrated the practicality of the modeling methodology using the CGD data.3 Sastry1 assumed
the gamma distribution for the random effects and extended the expectation maximization (EM) algorithm for estimation of model parameters.
Such complex models often lead to intractable E-steps or complicatedM-steps in the EM algorithm, nonetheless in recent times methods are quite
far advanced to circumvent such complicated problems.9 To provide a general framework of distributions for random effects in multilevel frailty
model, Kim andDey6 developed a class of heavy-tailed distributions that include the log-normal, log-Cauchy, and log-t distribitions as special cases.
Zhang and Steele10 employed techniques that do not impose distributional assumption on the random effects. By extension of the hierarchical like-
lihood inference,11,12 Ha and Lee13 developed a multilevel mixed linear model in which the two independent random effects specified for patient
and hospital frailties act linearly on the individual survival times. For the analysis of clustered failure time data from heterogeneous population of
acute and chronic stroke patients, Ng et al14 proposed a mixture model of two survival functions with random effects to adjust for between hospi-
tal heterogeneity in both phases of the disease. Estimation inference for themodel is developed via the EM algorithm. Also, Yau andNg15 proposed
a long-term survivor mixture model with random effects to analyze carcinoma survival data in a multi-institutional clinical trial context. A similar
approach is considered by Xiang et al16 in the setting of clustered interval-censored failure time data. However, these random effect models do
not incorporate heterogeneity among institutions in terms of covariates (e.g. treatment), though inmulti-institutional clinical trials variation among
institutions may partly occur as a result of heterogeneity in treatment effects across institutions. For example, consider Figure 1 for the rhDNase
study data. It displays Kaplan-Meier (KM) curves of recurrent pulmonary exacerbations in patients on the rhDNase and placebo arms stratified by a
sample of 15 institutions out of 51. From the figure, it appears a certain extent of heterogeneity exists among the institutions. Apparently, the over-
all recurrence free proportion vary at each time point and in each treatment group from institution to institution (baseline risk heterogeneity) and
treatment effect also varies as the relative positions of the two arms differ across institutions (treatment-by-institution interaction). In this light,
there is the need to distinguish between two sources of heterogeneity at institutional level, thus variation due to heterogeneity in baseline risks
and treatment effects across institutions.
For survival data with univariate outcome, methods have been developed to adjust for these two sources of heterogeneity by accommodating

two random components at institutional level for baseline heterogeneity and treatment-by-institution interaction. On this methodology, Legrand
et al17 used two independent normally distributed random effects in the proportional hazards model and developed inference via the Bayesian
approach, wherein estimation of variance components are achieved by approximation of the marginal posterior density using the Laplace integra-
tionmethod, as direct integration cannot be evaluated analytically. Rondeau et al18 considered a correlated randomeffects approachwith inference
based on penalizedmaximum likelihood to investigate trial and treatment-by-trial heterogeneity in a largemeta-analysis of survival outcomes that
combines data on chemotherapy in head and neck cancers from different clinical trials. Similarly, for correlated frailty model, Ha et al19 assumed a
bivariate normal distribution for the random effects and provided inference using the hierarchical likelihood. Elghafghuf and Stryhn20 reviewed a
class of estimation methods for correlated and uncorrelated frailty models and illustrated the usefulness of methodology using time to event data
from veterinary medicine in which animals are clustered by herds. Komárek et al21 on the other hand, extended the accelerated failure timemodel
to accommodate random centre effect and random treatment-by-centre interaction. The model accomodates a flexible error distribution which is
facilitated through penalized Gaussianmixtures using smoothing techniques.
As introduced in the preamble of this background, failure time datawith recurrent endpoints frequently occur inmulti-institutional clinical trials.

However, so far as we knowmethodological developments for investigating treatment-by-institution interaction are not in existence for such data
and application of the methods discussed in the preceding paragraph may lead to incorrect inferences as these methods do not take into account
the dependence of failure times clustered within patients. Of interest in this paper is to develop a multilevel survival model to analyze the rhD-
Nase trial data with the aim of investigating treatment heterogeneity across institutions and institutional variation in their baseline risk. For this
trial, Therneau and Hamilton2 pointed out that the appearance of pulmonary exacerbations led to the development of scar tissue, which impaired
lung function. With this it is obvious that an exacerbation within a patient would make recurrence more probable and thus it seems reasonable to
assume serial dependence among events encountered by the same individual. Specifically, themodel is the proportional hazards type and it includes
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fixed effect covariates (including treatment), random effects for baseline risk and treatment-by-institution interaction both incorporated at insti-
tutional level and a third random effect term specified for patient effect. Because dependence of observations within a patient practically tend to
decrease with increasing time lag between serial events an autoregressive of order one (denoted by AR(1)) covariance structure22 is specified for
the random patient effect in order to accommodate time varying frailty effect23,24,25 with correlation structure which decay over time. However,
regarding the two institution-level randomeffects, a diagonal covariance structure22 is adopted as it is believed that individuals from the same insti-
tution share a common frailty. The proposed model includes some well known frailty models as special cases. An advantage of the model over the
existing models is that it provides a unified framework to account for serial dependence and simultaneous heterogeneity induced by the multilevel
clustering structure underlying recurrent event data from clustered populations. The model takes into account all the recurrences experienced by
each patient. Consequently, it increases statistical power, compared to the existing univariate approaches which merely focus on first recurrence
and ignore subsequent ones.
Estimation inference is developed via the generalized linear mixed model (GLMM) methodology.26,27 This methodolgy allows us to estimate

regression parameters bymaximazing a best linear unbiased prediction (BLUP) type log-likelihood and use the BLUP estimates to establish a set of
residual maximum likelihood (REML) ormaximum likelihood (ML) estimating equations to obtain estimates for the variance components. A notable
gain in using this estimation procedure is that it avoids the intractable integration which comes with the use of marginal likelihood. Moreover, the
GLMMmethod is fairly flexible in semiparametric frailty models in that it preserves the cancellation property of the baseline hazard when formu-
lating the partial likelihood, unlike themarginal likelihood approachwhich leads tomuchmore complex expressions which require computationally
intensive techniques to achievemaximization in semiparametric frailty models.
In the next section, the methodological developments of the multilevel model are presented. Simulation studies are carried out to evaluate

the performance of the modeling methodology in Section 3 in a small sample setting. In Section 4, the proposed method is applied to analyze the
rhDNase data and Section 5 concludes the paper with discussions.

2 MODELANDESTIMATION

2.1 Themultilevel frailty model
For the rhDNase trial data, letO =

{(
tijk, δijk

)
, i = 1, ..., D, j = 1, ...,mi, k = 1, ..., nij

}
denote a collection of the observed recurrent survival

times and their corresponding censoring indicator, where typically tijk is the observed gap time for the kth observation on the jth patient within
the ith institution. Notice that D denotes the number of institutions, mi is the number of patients in the ith institution and nij is the number
of recurrent events on the jth patient within the ith institution. The value of δijk is 1 when tijk corresponds to the occurrence of pulmonary
exacerbation (i.e. event) and 0 otherwise. Let N represent the total number of observations. Notice that for this data N > M , whereM is the
number of patients in the trial. Let xij = (xij1, ..., xijp)T be a covariate vector for the jth patient within the ith institution, where the superscript
T represents vector transpose and xij1 is taken to be a treatment variable with possibly xij2, ..., xijp denoting some observed prognostic factors,
for example age, gender and comorbidities. Our problem is to assess the association between the recurrent exacerbation gap times tijk and the
covariate vector xij taking into account the possible heterogeneity among institutions in their baseline risk and in their treatment effects aswell as
between patient variation and serial dependence due to repeated failures. This necessitates a three level survival model with two random effects
adjustment at institutional level and an additional random effect specified at patient level, all incorporated to the linear predictor as follows

ηijk = xTijβ + ui0 + xij1ui1 + vijk, (1)

where β = (β1, ..., βp)T is the fixed effect regression parameter vector corresponding to covariate vector xij , ui0 is the unobservable random
baseline risk (i.e. main institution effect) which measures the random deviation of institution i from the overall underlying baseline risk, ui1 is ran-
dom treatment-by-institution interactionwhich quantifies the randomdeviation of the ith institution from the overall treatment effect β1 and vijk
is the unobservable randompatient effect or frailty of the kth possible failure (or gap time) on the jth patient nested in the ith institution. As a con-
ventional practice, the treatment variable xij1 takes on coded values 0/1 to indicate placebo/treatment group. However, for models with random
treatment effect an alternative approach is to use±1/2 coding scheme.28 Althoughwe consider a single random covariate, themodel can, however,
be generalized to handle more than one random covariate. Let h0 (.) be a function for the baseline hazard and f

(
ηijk

)
be any positive function of

the linear predictor, for instance exp(ηijk). Then the multilevel model takes the proportional hazards form h0

(
tijk

)
exp(ηijk), where the form of

h0 (.) is left unspecified.
Let u0, u1 and v denote the respective vectors for the random effect terms ui0, ui1 and vijk . These random vectors may be partitioned

conformably to their known designmatrices as follows

uT0 = (u10, ..., uD0) , Z0 = [Z10, ..., ZD0]
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uT1 = (u11, ..., uD1) , Z1 = [Z11, ..., ZD1]

vT = (v111, v112, ..., v211, v212, ..., vD11, vD12, ...) , Z = diag [Z111, Z112, ..., Z211, Z212, ..., ZD11, ZD12, ...]

where the dimension ofZ0 andZ1 isN ×D and that ofZ isN ×N . Similarly, letX be the design matrix of the covariate vector corresponding to
the fixed effect vector β. Notice thatZ1 is a subset ofX . The linear predictor of (1) can be expressed inmatrix notation as

η = Xβ + Z0u0 + Z1u1 + Zv.

Next we suppose that the covariance of u0 and u1 is zero such that u0 ∼ N(0, σ2
0ID) and u1 ∼ N(0, σ2

1ID), where ID is a D × D identity
matrix. For the distribution of the subject level frailty v we assume amore general form of the normal distribution due to the presence of repeated
events nestedwithin patients. These repeated events give rise to the possibility of serial dependence and in reality such dependence structuremay
decreasewith distance in time. The AR(1) covariance structure is a reasonable choice for this kind of correlation structure. Therefore, independent
ofu0 andu1, v follows anAR(1) processwith implied distribution ofN(0, θΓ(φ)), whereΓ = Γ11⊕Γ12⊕ ...⊕ΓD1⊕ ...⊕ΓDmD

is a parameterized
block diagonal matrix and thus the covariance structure among repeated events on the ijth patient is given by the symmetric matrix

Γij =
(
1− φ2

)−1



1 φ φ2 . . . φnij−1

φ 1 φ . . . φnij−2

φ2 φ 1 . . . φnij−3

...
...

...
. . .

...
φnij−1 φnij−2 φnij−3 · · · 1


.

Notice that vijk varies over time for distinct k. A larger value of vijk indicates that patient j in institution i has a higher susceptibility to the kth
recurrent episode of the disease. The degree of institutional variation in the baseline risk, and in treatment effect is quantified byσ2

0 andσ2
1 , respec-

tively. Suppose σ2
0 is estimated to be relatively large and significant. The implication then is that there is a substantial variation in the baseline

risk of the disease across institutions. Similarly, a significant estimate for σ2
1 depicts a substantial variation in the treatment effect across institu-

tions. As pointed out in29,30 when there is evidence of heterogeneity in the treatment effect across institutions, interpretation of results should be
done cautiously in order to ascertain reasons underlying the variation. However, when treatment homogeneity is observed, the conclusions con-
cerning treatment effects can be generalized to a broader patient population.29,30 Moreover, θ depicts the heterogeneity among subjects and φ is
an autoregressive correlation parameter, which measures within subject serial dependence. A significant positive value of φ would imply that the
risk of recurrence increases once an event has occurred. We note in passing that the proposed model is more general and it includes other frailty
models23,25,31,32 as special cases.
To formulate a likelihood function for themodel, we suppose the recurrent survival/censoring times are rearranged in increasing order ofmagni-

tude. LetTr be a random variable for the reordered recurrent survival/censoring timeswith corresponding reordered vector of censoring indicator
∆r and linear predictor ηr . Following the GLMMmethodology,26,27 let l = lA + lB denote a BLUP type log-likelihood, where lA is the logarithm
of the likelihood of recurrent event times conditional on u0, u1 and v, and lB is the logarithm of the density functions of u0, u1 and v. Because the
baseline hazard is left unspecified, the first component lA is the logarithm of the partial likelihood8 with conditions on the random effect terms,
namely

lA = log

N∏
r=1

{
exp (ηr)∑

j∈Rr
exp (ηj)

}∆r

, (2)

whereRr is the risk set at time tr and ηj is the linear predictor corresponding to the risk set. The second component lB can bewritten as

lB = C −
1

2

{[
Dlog

(
2πσ2

0

)
+

1

σ2
0

uT0 u0

]
+

[
Dlog

(
2πσ2

1

)
+

1

σ2
1

uT1 u1

]
+

[
Nlog (2πθ) + log(det(Γ)) +

1

θ
vT Γ−1v

]}
, (3)

where C is a constant. The sum of the two components can also be interpreted as a penalized partial likelihood, where lB is the penalty term
for the basic likelihood lA. Lee and Nelder11 considered a generalization of the GLMMmethod to accommodate a broader family of distributions
for the random effect. They showed that under appropriate conditions maximizing the underlying likelihood gives fixed effect estimators that are
asymptotically equivalent to those obtained from the use of the marginal likelihood and the random effect estimates obtained are asymptotically
best unbiased predictors.

2.2 Estimation
In the GLMM framework, the REML and the ML methods have been applied to estimate the parameters of various random effect models and
their relative performances have been compared under different structures of the random effect term: see for example Yau and McGilchrist,23

McGilchrist27,33 and Yau andMa.34 The relative performances of these twomethods have not been studied when the random effect term involves
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observed covariate. The statistical problem is to use the REML and theMLmethods within the GLMM framework to estimate the unknown param-
eters of the proposed model and provide some comparison analysis using simulation studies. The GLMM estimation starts by obtaining BLUP
estimates of the regression parameters in the linear predictor and then extend these estimates to obtain REML or ML estimates of the variance
components. For a given set of initial values of the variance components, the BLUP estimators of the regression parameters are the same as the
REMLand theMLestimators and canbeachievedbyusing theNewton-Raphson iterativemethod tomaximize theBLUP-type log-likelihood.Never-
theless, the estimators of the variance components are different for the REML and theMLmethods. Consequently, this leads to different numerical
values for the estimators of β, u0, u1 and v.
LettingΦ(0) =

(
β(0), u

(0)
0 , u

(0)
1 , v(0)

)
to denote the initial values of the regression coefficientsΦ = (β, u0, u1, v) the iterative solution of the

parameters ofΦ is given bymaximization of l obtained via Newton-Raphsonmethod

Φ̂ = Φ(0) + ζ−1

(
∂l

∂Φ

)
, (4)

where ζ is the observed informationmatrix of the BLUP log-likelihood. Details of this iterativemethod can be found in Appendix A. To consider the
estimators of the variance components, let ζ be a blockmatrix with partitions specified conformally to the partitions of β|u0|u1|v as

ζ = −
{

∂2l

∂Φ∂ΦT

}
=


=11 =12 =13 =14

=21 =22 =23 =24

=31 =32 =33 =34

=41 =42 =43 =44

 and ζ−1 =


ζ11 ζ12 ζ13 ζ14

ζ21 ζ22 ζ23 ζ24

ζ31 ζ32 ζ33 ζ34

ζ41 ζ42 ζ43 ζ44

 .

The REML estimating equations for the variance components, σ2
0 and σ2

1 , are given as

σ̂2
0 =

1

D

[
τ2 + uT0 u0

]
(5)

and
σ̂2

1 =
1

D

[
τ3 + uT1 u1

]
, (6)

where τ2 = trace (ζ22) and τ3 = trace (ζ33). For ML estimation of σ2
0 and σ2

1 , τ2 = trace
[
(=22)−1

]
and τ3 = trace

[
(=33)−1

]
,33,35 where=22

and =33 are the second and third diagonal blocks of ζ partitioned conformally to the partitions of u0|u1. The REML estimating equations for the
variance component, θ is

θ̂ =
1

N

[
L1 + φ2 (L1 − L3)− 2φL2

]
, (7)

where L1 = trace [I (ζ44 + Υ)] , L2 = (1/2) trace [J (ζ44 + Υ)] and L3 = trace [K (ζ44 + Υ)]; I, J and K are block diagonal matrices and
Υ = vvT . TheML estimator of θ has similar expresion and is given in Appendix B. Moreover, for REML estimation of φ it is shown in Appendix B to
be estimated from the cubic function g (φ)which is obtained from

−2Mφ

(1− φ2)
= θ̂−1 (2φL1 − 2L2 − 2φL3) . (8)

An approximate solution of φ can be found by solving g (φ) via the Newton-Raphson algorithm

φ̂ = φ(0) −
g (φ)

g′ (φ)
, (9)

where g′ (φ) is the first derivative of g(φ)with respect to φ. ConsiderΨ = (σ2
0 , σ

2
1 , θ, φ) as the parameter vector of the variance components. The

iterative scheme for the estimation procedure are summarized as follows:

Step 1. Specify the initial values ofΦ as zeros and set those ofΨ to relatively small values.

Step 2. Use equation (4) to updateΦ iteratively until convergence in this step.
This step converges and proceeds to Step 3whenmax|Φr − Φr+1| < ε, where ε = 0.001.

Step 3. Given the current estimates of u0, u1 and v obtained fromΦ in Step 2, use equations (5), (6), (7) and (9) to respectively update the values of
σ2

0 , σ
2
1 , θ and φ inΨ and use the current results ofΨ to updateΦ in Step 2.

Step 4. Repeat steps 2 and 3 until convergence of the entire iterative scheme.
Entirely, the estimation converges when bothmax|Φr − Φr+1| < ε andmax|Ψr −Ψr+1| < ε criteria aremet.

Here one easily recognizes that the estimates ofΦ in the initial iterations of Step 2 are the same for the REML and theMLmethod given the initial
values ofΨ. However, Φ becomes distinct when the procedure moves to step 3 to updateΨ, back to Step 2 and so on. An alternative approach of
specifying the convergence criteria is to use the relative change in the estimates of the log-likelihood function: see Yamaguchi and Ohashi.31 The
asymptotic variances and covariances of β̂ are given by ζ11 in the inverse of the informationmatrix of the BLUP log-likelihood. The standard errors
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of β̂ are computed based on the square root of the asymptotic variances. Similarly, the standard errors of the variance component parameters
are calculated by taking square root of their asymptotic variances which are obtained from the inverse of the REML information matrix derived in
appendix B. Appendix B additionally give details of how the standard errors are calculated in the perspective of theML estimation. Computational
implementation of these methods are based on author written R coded program. The program has been provided as a supplementary material,
available from the journal website.

2.3 Prediction of random effects
In areas where random effect models are applicable, it is sometimes of interest to perform inference using the point estimates of random effects
or their confidence intervals. The usefulness of predicting random effects arise in many domains, for example in clustered data problems, such as
litter match tumorigenesis experiment36 to identify high risk litters and animals and in multi-centre clinical trials19,31 to evaluate the effectiveness
of treatment across trial centres or institutions. Prediction of random effect is also employed in small area estimation or disease mapping37 and in
diagnostic analysis, such as identifying outlying clusters24 or checking for violations of the normality assumption for the random effects.38

In the REML estimation, predicted values of the random effects are available in the Newton-Raphson iterative procedure (4) at convergence.
Let u denote the random effect of interest. A 95% empirical Bayes (EB) prediction interval of u can be constructed on the basis of the normal
approximation defined as

û± 1.96
√
var(u|oi),

where
√
var(u|oi) is the standard errors of the prediction interval. Notice that oi denotes the observed datawithin the ith cluster. The EB variance

of the prediction interval is then given as

var(u|oi) ≈
(
−

∂2l

∂u∂uT

)−1

. (10)

For GLMMs, Boot and Hobert39 provided the conditional mean squared error of prediction (CMSEP) procedure which in illustration, is the sum of
the conditional variance of the random effect and a positive correction that account for the sampling variability of parameter estimates. Lee and
Ha40 proposed an extension of the method in hierarchical GLMs. Using the hierarchical likelihood, they shown that the inverse of the underlying
informationmatrix yields the first order approximation of the CMSEPmethod. Ha et al19 extended the approximate CMSEPmethod to frailtymod-
els involving bivariate random effects; see also.41 In contrast, Vaida and Xu42 used the EB method in frailty models. The CMSEP method accounts
for the extra variability caused by estimating the fixed effect parameters and the baseline hazard of themodel, however, in the EBmethod this extra
variation is not accounted for.19 For a lengthy discussion of prediction in random effect models see Skrondal and Rabe-Hesketh.43

In theREML/MLestimation procedure, the EBprediction variance (10) can be computed from the informationmatrix of theBLUP log-likelihood.
For instance, considering the random random effect term u0, var(u0|oi) corresponds to the diagonal components of the inverse of ∂2l/∂u0∂uT0

and it can be extracted from (=22)−1 in ζ . The EB prediction variance ofu1 and v can be obtained in a similarmanner bymaking use of (=33)−1 and
(=44)−1, respectively.We give numerical illustration of thesemethods in Section 4.

3 SIMULATION STUDIES

In this section, we outline a simulation study to evaluate the performance of the REML andML estimators in the proposed multilevel frailty model
given in Section 2. The design of the simulation is given under amulti-institutional clinical trial setting and it is carried out in line with the data from
the rhDNase study. Two schemes of multi-institutional design are considered. In the first scheme, we assume there exist 500 patients, (50 insti-
tutions, 10 patients per institution) and the number of recurrence per patient varies from 1 to 5. In the second case, we considered 510 patients,
(30 institutions, 17 patients per institution) and 1 to 5 possible number of recurrence per patient. That is, the second case considers fewer insti-
tutions but more patients per institution. In each scheme, approximately half of the patients within each institution are randomly assigned to
treatment group (xij1 = 1) and the remaining are assigned to control group (xij1 = 0). Also we considered a continuous covariate xij2 which
is generated from the standard normal distribution. Moreover, we set the true values of their corresponding parameters as β1 = −0.5,−1.0 and
β2 = 0.5,−1.0. The random effect terms specific to institution baseline risk u0, treatment-by-institution interaction u1 and patient effect v are
generated independently under the normal distribution as follows:

u0 ∼ N
(
0, σ2

0

)
, u1 ∼ N

(
0, σ2

1

)
, v ∼ N (0, θΓ(φ)) ,

where the true values of their respective variance components are specified as σ2
0 = 0.5;σ2

1 = 0.3, 0.5; θ = 0.6 and φ = 0.3, 0.7. The matrix Γ is
taken to beblock diagonalwith diagonal blocksΓij assumed to have anAR(1) covariance structure.Using different combinations of these numerical
settings, 500 replicated data sets are simulated from the multilevel frailty model, considering that the baseline hazard is Weibull distributed with
shape parameter λ = 1.0 and scale parameter γ = 1.0. Censoring times are generated from the exponential distribution with rate parameter
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ϑ = 0.02 resulting in censoring proportion ranging from 11.4% to 17.6% in the first scheme of multi-institutional design and a range of 17.3% to
24.0% in the second scheme, where the censoring rate is the proportion of patients who have any censored failure times. For each replicated data,
theREMLand theMLestimates are obtained,with six scenarios illustrated for each estimationmethodunder the two schemesofmulti-institutional
design. In each case, the initial values of the variance components σ2

0 , σ
2
1 , θ and φ in the REML and the ML estimation were equated to their true

values. However, it is important to note that our simulation results do not depend on the initial values because we obtained similar results when
values other than the true values are used in initialization.
Summary of the simulation results of the REML and the ML estimation are presented in Table 1 and Table 2. The tables report the average bias

(Ave. bias) and the variability of the parameter estimates measured by SEE and SE, where SEE and SE are respectively defined as the average of the
standard error estimates and the standard error of the point estimates over 500 replications. Considering all the scenarios of both schemes (Table
1 and Table 2), no significant bias is observed for the REML estimates of the fixed effect parameters β1 and β2 as well as the variance components
σ2

0 , σ
2
1 , θ and φ. The REML estimation of θ is quite stable in all scenarios. The ML estimates of β1 and β2 have quite smaller biases, but they are

slightly positively biasedwhen their trueparameter values are respectively set to -1.0 and -1.0. The extent of bias of theMLestimates of the patient-
level variance components θ and φ are reasonably small in the scheme consisting of fewer number of institutions (D = 30) with many patients
per institution (mi = 17) (Table 2), but have slightly negative bias when the true value of φ goes to 0.3 in the scheme which has many institutions
(D = 50) and relatively small number of patients per institution (mi = 10) (Table 1). The ML estimates of the variance component σ2

0 are slightly
biased towards zero, particularly in the case of thefirst scheme.Also, theMLestimates ofσ2

1 have severe negative bias and suchbias increaseswhen
its true value increases in magnitude. On the accounts of the standard errors, our results show that the REML estimators yield good estimates as
there is a goodagreement in theestimates of SEEandSE for all parameters, except SEof θwhich is slightly smaller than their correspondingSEE in all
simulation settings. One possible reason is: the analytic simplificationwhich derives the estimating equation (7) hasmuch increased the accuracy of
the estimates of θ. TheML estimation, on the other hand, gives comparable estimates of SEE and SE for θ. In general, the estimated standard errors
of the ML estimation are reasonably good, except SEE of σ2

1 is quite small in some simulation scenarios of Table 1 (e.g. simulation 2). In summary,
the REML method gives less biased estimators of the fixed effects and the variance components, compared to the ML method. Convergence was
achieved for all simulations. The REML method gives fast convergence relative to the ML method. Additional simulation results are provided in
Appendix C to emphasize the effect of censoring on the REML estimation. Approximately 61.0% of the data are censored: the variance parameter
σ2

0 is slightly biased but bias of β1, β2, σ2
1 , θ andφ are reasonably small. However, comparingwith the results on the REMLmethod in Table 1we see

that the extent of bias increases when censoring proportion increases.
Furthermore, we investigate the performance of the REML method in the multilevel frailty model when the normal assumption of the random

effects does not match the true distribution of random effects underlying the data. Our aim is to examine the impact of misspecification of random
effects distribution on the REML inference concerning fixed effects, variance components and their standard errors. In linear mixed models, pre-
vious studies have shown that incorrectly specifying the distribution of the random effects has little effect on the fixed effect estimates; see.44,45

For frailty models the hierarchical likelihood leads to less biased estimates, particularly for the fixed effect parameters when random effects distri-
bution is misspecified.19 However, in GLMMs Heagerty and Kurland46 have demonstrated that misspecification of random effect distribution can
lead to substantial bias when using random intercept model in which either the random effect distribution depends on measured covariates or the
random effects have autoregressive structure.
For our present simulationworkweconsidered the schemewith50 institutions, 10patientswithin each institution andnumberof recurrenceper

patient varying from 1 to 5. To generate the random effects u0, u1 and v from non-normal distributions, we follow Verbeke and Lesaffre44 and Ha
et al.19 Here, the institution-level random effects u0 and u1 are respectively drawn from symmetric mixture of two univariate normal distributions
as follows:

1

2
N(0.40, 0.34) +

1

2
N(−0.40, 0.34);

1

2
N(−0.35, 0.18) +

1

2
N(0.35, 0.18),

and the patient-level random effect v is sampled from a symmetric mixture of twomultivariate normal distributions, according to
1

2
N (µ1,Σ) +

1

2
N (µ2,Σ) ,

where µ1 = [−0.10 0.60 0.15 − 0.30 0.30]T and µ2 = [0.10 − 0.60 − 0.15 0.30 − 0.30]T are vectors of the component means andΣ is the
common covariancematrix of themixture components. Following Day47 the covariancematrixΣ can be expressed as

Σ = R+ π (1− π) (µ1 − µ2)T (µ1 − µ2)

whereR = θΓij ; given by the AR(1) covariance matrix and π = 0.5 denotes the component weights of the mixture. Notice that the distributions
considered here are carefully chosen in order to allow the expectation of the random effects to tend to zero and their respective variances to be
equal to the variance components in simulation set 1 of Table 1. Results on six scenarios, each based on 500 replicated data sets are summarized in
Table 3. In simulation sets 5 and 6, we keep the distribution of v as correctly specifiedwhile u0 and u1 are incorrectly specified. As shown in simula-
tion sets 1 to 4 in Table 3, mispecification of the distribution of the three randomeffect terms results to increase in bias in the REML estimates of β1

and β2 only at slightest margin, considering that censoring proportion is within the range of 11.4% to 17.6%. In this setting, variance component σ2
0
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is moderately biased but bias of σ2
1 and θ are acceptable. Also φ has acceptable biases when its true value is held at 0.7 but it is appreciably biased

when the true value reduces to 0.3; see simulation sets 1 and 3 in Table 3. The simulation sets 5 and 6 reveals that the fixed effect and the variance
component parameters have small biases when the misspecification does not involve the distribution of the random effect with AR(1) covariance
structure. In general, the standard errors are not affected by misspecification in the sense that SEE and SE are comparable in all scenarios, except
SE of θ is quite smaller than SEE in all instances.

4 APPLICATIONTOTHERHDNASE CLINICAL TRIALDATA

In this section, we illustrate the feasibility of the proposed model by analyzing the rhDNase trial data. Cystic fibrosis is a genetic disorder which
commonly affects the lungs. Patients with this disease often experience exacerbations of respiratory symptoms and progressive deterioration of
lung function due to accumulation of extracellularDNA in the airways. A randomized placebo controlled double-blind clinical trial was conducted to
evaluate the efficacy of rhDNase (i.e. a recombinant deoxyribonuclease I enzyme) in reducing exacerbations of respiratory symptoms for patients
with cystic fibrosis.2 The study consisted of 647 patients from 51 institutions, of which 322 were randomized to rhDNase and the remaining 325
received placebo.48 Patients were then followed for pulmonary exacerbations. Data on all exacerbations were collected for approximately 170
days. The definition of an exacerbation was an infection that required the use of intravenous (IV) antibiotics. Some patients developed recurrence
of exacerbations. The number of recurrence varied from1 to 5withmean1.5 andmedian 1.0. Summary of the frequency of recurrent exacerbations
classified by treatment group are shown in Figure 2. Two covariatesweremeasured; treatment (0=placebo, 1=rhDNase) and baseline level of forced
expiratory volume per second, denoted as baseline FEV1. The number of patients per institution ranged from 4 to 24 with mean 12.7 and median
12.0. This data set is available in the R package survival.
Since each recurrent or censored observation is nested within one of the 647 patients and each patient is also nested within one of the 51 insti-

tutions, we analyze the data in the context of the proposed multilevel frailty model on the basis of the REML estimation to investigate institutional
baseline heterogeneity, treatment-by-institution interaction as well as subject effect. We demonstrate the model fitting in terms of multiple and
single covariates. A summary of the results is given in Table 4. The results of the parameter estimates, hazard ratios (HR) and their corresponding
standard errors (SE) are presented. The estimated coefficient for rhDNase in the single covariate perspective is -0.444 (SE: 0.158). This estimate
is significant at the 5% statistical level which indicates that rhDNase significantly reduces the incidence of recurrent pulmonary exacerbations in
cystic fibrosis patients.When baseline FEV1 is considered together with the treatment variable in themodel the estimated coefficient for rhDNase
changed slightly to -0.473 (SE: 0.161) but it remained significant. Baseline FEV1 also showed a significant decreasing effect on the incidence of
recurrent exacerbations, with estimated coefficient of -0.026 (SE: 0.003). The estimated coefficient for rhDNase is quite close to previous results2

on the usage of the Andersen-Gill model (β1:-0.303, SE: 0.110), marginal model (β1:-0.345, SE: 0.110) and conditional model (β1: -0.227, SE: 0.110)
(Table 5) although these models do not accommodate the dependence structure (or unobserved heterogeneity) at institutional level andmoreover
the timescales used and the approach for handling the correlation structure at patient level are different. Furthermore, our results for rhDNase and
baseline FEV1 are comparable with results from a recent study49 in which the rhDNase data were analyzed using a semiparametric transforma-
tion additive rate model with inference based on weighted estimating equations; rhDNase -0.327 (SE 0.147) and baseline FEV1 -0.018 (SE: 0.003)
(Table 5), analogous to the results in50 using semiparametric transformation models with random effects. The results concerning σ2

0 in Table 4 indi-
cate that there is relatively large variation in the baseline risk across institutions. In the multiple covariate results σ2

0 is estimated to be 0.271. It
reduced marginally to 0.194 in the case of single covariate. In the single and multiple covariate perspectives (Table 4), the variance parameter for
treatment-by-institution interaction are respectively estimated as 0.048 (SE: 0.178) and 0.053 (SE: 0.191). These estimates are quite smaller, thus
an indication that there is little treatment-by-institution interaction in the rhDNase data. At subject level between patient heterogeneity is quite
small but serial dependence is substantially large. This provides evidence that initial episodes of pulmonary exacerbations increase the risk for fur-
ther exacerbations in cystic fibrosis patients. Notice that the standard errors of the variance components have been reported in Table 4 but we did
not apply them to test for statistical significance as done in the usual way; see also.42 The reason is, the null hypothesis lies on the boundary of the
parameter space and the normal approximation of the null test statistic is no longer appropriate.42,51 As noted in Vaida and Xu42 the score test of
homogeneity proposed byGray52 andCommenges andAndersen53 are suitable for this context. An alternative approach for checking the necessity
of random effects is to display the prediction intervals of the random effects over clusters; see.19,41,42,54

Following the EB prediction variance procedure detailed in sub-section (2.3), data analyses concerning the random effects u0 and u1 are per-
formed using the REML method in the proposed multilevel frailty model. Figure 3 gives the predicted random effects and their 95% prediction
intervals over 51 institutions, with the institutions arranged in ascending order of their sizes; that is, number of patients enrolled. From Figure 3(a)
the prediction interval for Institution 5 does not include zero. This can lead to heterogeneity among institutions. However, in Figure 3(b) the inter-
vals of all institutions include zero, which shows a homogeneity of treatment effect over institutions. In Figure 3(a) it is observed that the lengths
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TABLE 1 Estimated biases and standard errors of the REML and the ML estimators based on 500 replications of the multilevel frailty model with
D = 50,mi = 10, and nij varying from 1 to 5.

REML ML

Parameter True value Ave Bias SEE SE Ave. Bias SEE SE

Censoring range (11.4%-17.6%)
Simulation 1
β1 -0.5 0.020 0.097 0.096 0.048 0.072 0.092
β2 0.5 -0.021 0.035 0.036 -0.045 0.032 0.035
σ2

0 0.5 -0.049 0.107 0.106 -0.105 0.091 0.100
σ2

1 0.3 -0.022 0.093 0.089 -0.211 0.045 0.083
θ 0.6 0.000 0.054 0.010 -0.110 0.049 0.046
φ 0.3 -0.014 0.068 0.044 -0.085 0.083 0.064
Simulation 2
β1 -0.5 0.023 0.116 0.118 0.048 0.085 0.114
β2 0.5 -0.025 0.048 0.049 -0.044 0.044 0.048
σ2

0 0.5 -0.057 0.118 0.116 -0.121 0.094 0.117
σ2

1 0.3 -0.019 0.125 0.104 -0.284 0.009 0.024
θ 0.6 -0.002 0.062 0.021 -0.056 0.036 0.032
φ 0.7 -0.020 0.035 0.024 -0.037 0.028 0.031
Simulation 3
β1 -0.5 -0.029 0.130 0.133 0.066 0.090 0.124
β2 0.5 -0.026 0.048 0.048 -0.050 0.044 0.048
σ2

0 0.5 -0.047 0.121 0.126 -0.124 0.094 0.135
σ2

1 0.5 -0.044 0.161 0.141 -0.438 0.028 0.107
θ 0.6 -0.002 0.062 0.013 -0.083 0.033 0.039
φ 0.7 -0.018 0.035 0.024 -0.030 0.028 0.037
Simulation 4
β1 -1.0 0.048 0.099 0.099 0.096 0.074 0.096
β2 -1.0 0.048 0.039 0.041 0.091 0.036 0.041
σ2

0 0.5 -0.050 0.107 0.106 -0.105 0.091 0.101
σ2

1 0.3 -0.028 0.094 0.087 -0.217 0.046 0.076
θ 0.6 0.001 0.055 0.011 -0.098 0.051 0.043
φ 0.3 -0.014 0.070 0.045 -0.086 0.084 0.062
Simulation 5
β1 -1.0 0.055 0.117 0.118 0.100 0.087 0.115
β2 -1.0 0.056 0.051 0.052 0.094 0.047 0.051
σ2

0 0.5 0.058 0.118 0.117 -0.129 0.093 0.118
σ2

1 0.3 -0.026 0.126 0.101 -0.284 0.010 0.023
θ 0.6 -0.003 0.064 0.018 -0.056 0.037 0.032
φ 0.7 -0.021 0.037 0.023 -0.040 0.029 0.031
Simulation 6
β1 -1.0 0.057 0.131 0.131 0.117 0.091 0.126
β2 -1.0 0.056 0.051 0.052 0.105 0.047 0.052
σ2

0 0.5 -0.056 0.120 0.120 -0.127 0.094 0.126
σ2

1 0.5 -0.057 0.160 0.148 -0.446 0.026 0.104
θ 0.6 -0.003 0.064 0.017 -0.085 0.033 0.042
φ 0.7 -0.021 0.037 0.024 -0.031 0.028 0.038
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TABLE 2 Estimated biases and standard errors of the REML and the ML estimators based on 500 replications of the multilevel frailty model with
D = 30,mi = 17, and nij varying from 1 to 5.

REML ML

Parameter True value Ave. Bias SEE SE Ave. Bias SEE SE

Censoring range (17.3%-24.0%)
Simulation 1
β1 -0.5 0.025 0.114 0.111 0.037 0.092 0.110
β2 0.5 -0.023 0.034 0.035 -0.035 0.032 0.034
σ2

0 0.5 -0.039 0.134 0.138 -0.086 0.119 0.133
σ2

1 0.3 -0.021 0.102 0.100 -0.147 0.066 0.098
θ 0.6 0.000 0.053 0.008 -0.052 0.051 0.028
φ 0.3 -0.014 0.065 0.038 -0.068 0.074 0.051
Simulation 2
β1 -0.5 0.034 0.130 0.127 0.051 0.091 0.125
β2 0.5 -0.026 0.046 0.047 -0.041 0.044 0.046
σ2

0 0.5 -0.043 0.143 0.149 -0.078 0.125 0.154
σ2

1 0.3 -0.021 0.128 0.116 -0.265 0.020 0.072
θ 0.6 -0.001 0.061 0.016 -0.038 0.037 0.024
φ 0.7 -0.020 0.034 0.024 -0.034 0.027 0.031
Simulation 3
β1 -0.5 0.034 0.150 0.145 0.058 0.108 0.141
β2 0.5 -0.024 0.047 0.047 -0.041 0.044 0.046
σ2

0 0.5 -0.033 0.147 0.147 -0.082 0.126 0.162
σ2

1 0.5 -0.041 0.176 0.182 -0.340 0.068 0.197
θ 0.6 -0.002 0.061 0.011 -0.054 0.035 0.032
φ 0.7 -0.018 0.034 0.023 -0.033 0.027 0.037
Simulation 4
β1 -1.0 0.053 0.114 0.150 0.076 0.093 0.109
β2 -1.0 0.047 0.038 0.051 0.070 0.036 0.038
σ2

0 0.5 -0.040 0.134 0.151 -0.085 0.119 0.134
σ2

1 0.3 -0.032 0.101 0.174 -0.156 0.065 0.097
θ 0.6 0.001 0.054 0.012 -0.051 0.052 0.030
φ 0.3 -0.015 0.067 0.023 -0.069 0.076 0.053
Simulation 5
β1 -1.0 0.066 0.130 0.129 0.097 0.092 0.128
β2 -1.0 0.055 0.049 0.050 0.081 0.047 0.050
σ2

0 0.5 -0.047 0.142 0.151 -0.085 0.123 0.153
σ2

1 0.3 -0.033 0.127 0.115 -0.267 0.020 0.067
θ 0.6 -0.003 0.063 0.013 -0.040 0.037 0.027
φ 0.7 -0.022 0.035 0.023 -0.037 0.028 0.031
Simulation 6
β1 -1.0 0.066 0.151 0.150 0.104 0.108 0.147
β2 -1.0 0.055 0.050 0.051 0.087 0.047 0.050
σ2

0 0.5 -0.042 0.145 0.151 -0.102 0.121 0.159
σ2

1 0.5 -0.054 0.174 0.174 -0.351 0.066 0.179
θ 0.6 -0.003 0.063 0.012 -0.053 0.036 0.032
φ 0.7 -0.021 0.036 0.023 -0.039 0.028 0.036
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TABLE 3 Estimated biases and standard errors of the REML estimators based on 500 replications of the multilevel frailty model with D = 50,
mi = 10, and nij varying from 1 to 5, assuming that random effects distribution is misspecified.

Parameter True value Ave. Bias SEE SE Parameter True value Ave. Bias SEE SE

Censoring range (11.4%-17.6%)
Simulation 1† Simulation 2†
β1 -0.5 0.062 0.110 0.116 β1 -0.5 0.056 0.126 0.130
β2 0.5 -0.056 0.044 0.049 β2 0.5 -0.051 0.055 0.058
σ2

0 0.5 -0.100 0.105 0.103 σ2
0 0.5 -0.099 0.118 0.111

σ2
1 0.3 -0.035 0.114 0.100 σ2

1 0.3 -0.021 0.144 0.105
θ 0.6 -0.016 0.062 0.040 θ 0.6 -0.021 0.062 0.024
φ 0.3 0.339 0.041 0.044 φ 0.7 0.074 0.027 0.021
Simulation 3† Simulation 4†
β1 -1.0 0.120 0.111 0.117 β1 -1.0 0.111 0.128 0.130
β2 -1.0 0.113 0.048 0.054 β2 -1.0 0.107 0.058 0.062
σ2

0 0.5 -0.100 0.106 0.103 σ2
0 0.5 -0.102 0.117 0.112

σ2
1 0.3 -0.042 0.115 0.097 σ2

1 0.3 -0.034 0.145 0.103
θ 0.6 -0.008 0.064 0.039 θ 0.6 -0.021 0.064 0.024
φ 0.3 0.338 0.042 0.044 φ 0.7 0.073 0.027 0.023
Simulation 5‡ Simulation 6‡
β1 -0.5 0.027 0.097 0.096 β1 -0.5 0.032 0.115 0.113
β2 0.5 -0.025 0.035 0.034 β2 0.5 -0.030 0.048 0.046
σ2

0 0.5 -0.041 0.108 0.108 σ2
0 0.5 -0.050 0.119 0.117

σ2
1 0.3 -0.027 0.092 0.080 σ2

1 0.3 -0.026 0.124 0.098
θ 0.6 0.001 0.054 0.008 θ 0.6 -0.001 0.062 0.014
φ 0.3 -0.012 0.068 0.039 φ 0.7 -0.020 0.035 0.025

†distribution of v, u0 and u1 aremisspecified.
‡distribution of v is correctly specified but u0 and u1 aremisspecified.

of the prediction intervals decrease as the number of patients within institutions increases. This is an interesting part of our results concerning the
usage of the REML method with the EB procedure, as the decreasing pattern of the prediction intervals concur with previous work on the lines
of Vaida and Xu42 and Ha et al19 who respectively employed the EM algorithm with EB and the hierarchical likelihood with approximate CMSEP
for prediction of random effects. Furthermore, considering Figure 3(b), the interval lengths are almost equal, in contrast to the interval lengths in
Figure 3(a). Again, this confirms that there is small variation in treatment effect across the institutions. It is evident that Institutions 5 and 43 give
the highest and the lowest treatment hazards, respectively. Comparing Figure 3(a) and 3(b) it is consistently seen that Institution 5 gives the highest
baseline risk and the highest treatment hazard. However, the results regarding the institution with the lowest baseline risk and the lowest treat-
ment hazard is not consistent when the two figures are compared. With Institution 5, it is clear from Figure 1 that all the patients on the rhDNase
arm developed pulmonary exacerbations within 105 days.

5 DISCUSSION

Following the GLMM methodology a regression method has been presented for the analysis of multilevel survival data arising as a result of
the occurrences of repeated failures in clustered individuals, which commonly occur in multi-institutional clinical trials. We formulate the multi-
institutional analysis of recurrent failure outcomes as a three-level survival model, in which repeated failures are considered as level one units,
patients as level twounits and institutions as level 3units similar to theworkofYau.5 Themodelflexibly accommodatesmultiple covariates including
treatment and it takes into account between patient heterogeneity, serial dependence and between institution variability. Specifically, at institu-
tional level the model accommodates two independent random effects on the additive scale to account for the inherent baseline residual effects
among institutions and treatment-by-institution interaction. Furthermore, allowance of serial dependence and heterogeneity at patient level is
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TABLE 4 REML estimates of themultilevel frailty model based on the rhDNase data (Number of patients, M=647).

Multiple covariates Single covariate

Parameter Estimate (HR) SE Parameter Estimate (HR) SE

rhDNase -0.473 (0.623)† 0.161 rhDNase -0.444 (0.641)† 0.158
Baseline FEV1 -0.026 (0.974) † 0.003
Institution Institution
σ2

0 0.271 0.127 σ2
0 0.194 0.109

σ2
1 0.053 0.191 σ2

1 0.048 0.178
Patient Patient
θ 0.067 0.445 θ 0.064 0.463
φ 0.979 0.142 φ 0.980 0.145

†p-value<0.05

TABLE 5 Comparative results from different models based on the rhDNase data.

Model Variable Estimate SE

Therneau andHamilton2

Andersen-Gill model rhDNase -0.303† 0.110
WLWmarginal model rhDNase -0.345† 0.110
PWP conditional model rhDNase -0.227† 0.110

Zeng et al49

Transformation additive ratemodel rhDNase -0.327† 0.147
Baseline FEV1 -0.018† 0.003

†p-value<0.05

explicitly provided through a random component incorporated on the AR(1) covariance structure. Themodel is semiparametric and thus averts the
potential problems due to misspecification of the survival distribution. For distribution of random effects we used the normal distribution due to
its compactibility with the GLMM framework. In certain circumstances the skew normal distribution55 may be used instead. Although the gamma
distribution appears to be a classical alternative, it is hard, however, to facilitate the interaction between random effects and covariates.29 In the
proposed model estimates of regression and variance component parameters are obtained using the REML and the ML methods. In terms of bias,
the simulation results showa goodperformance of themodel, with only small biases in all scenarioswhenusing theREMLmethod compared theML
method. With the ML method substantial bias arise in estimation of the variance component parameter which quantifies the interaction between
covariate and random effect. Under mild censoring scheme the REML method gives moderate biases in both the fixed and variance component
parameters when the assumed random effects distributions are misspecified. However, in this perspective the serial correlation parameter which
originates from the AR(1) covariancematrix tend to be appreciably biasedwhen its true value is small. Besides the GLMMmethod, a possible alter-
native estimation framework would be the application of Bayesian methodology. Some work due to Manda and Meyer56 has demonstrated the
feasibility of the AR(1) correlation structure with Bayesian inference for a single random effect frailty model.
Empirical analysis in the context of the REML method for estimation of the proposed model is illustrated using the rhDNase study data, which

shows a large baseline risk heterogeneity among institutions and small treatment-by-institution interaction. By using the EB prediction interval,
the institutions (or more generally clusters) that bring heterogeneity in the data could clearly be identified. Nevertheless, because the EB method
does not account for the variability of fixed effect and baseline hazard estimates, it may underestimate the variance of the prediction interval, par-
ticularly when the variance is small in magnitude; see, for example, Ha et al.19 In the REML estimation procedure detailed in Section 2, the extent of
underestimation of the EB variance estimatesmay beminimal, because the baseline hazard is not estimated, on the other hand, it is eliminated from
the likelihood as a nuisance parameter. Thismeans that the only source of extra variability in the CMSEPmethod is due to the estimates of the fixed
effect parameters. Therefore, a comparison of the performance of the EB and the CMSEPmethods in the REML estimationwould be an interesting
subject for future research. The analysis of the rhDNase data revealed a negative significant estimate for the overall treatment effect. Our results
support the claim that treatment rhDNase is efficacious and its effect is homogeneous across institutions, and so it is generalizable to the target
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population. Similarly, on the usage of superficial bladder cancer data, Yamaguchi and Ohashi31 found a substantial variation among cancer institu-
tions in their baseline risk and a nonsignificant treatment-by-institution interaction. However, their analysis was confined to the first recurrence.
Another work with similar findings is.29 It is worthwhile to remark that suppose treatment-by-institution interaction was found to be substantially
large. Then an analysis based on a model with single summary measure for treatment effect such as hazard ratio using fixed effect estimate may
not be sufficient to describe the trial results. Our results concerning fixed effects generally fit well with the results from some prior studies2,50,49

in which the rhDNase data were analyzed, despite the diferences in statistical methodology. An interesting issue which worth mentioning is that
our model yields additional information in the data as it allows us to view the estimates of many parameters which could inform health practice in
the management of the disease. The model is applicable to many disease problems involving recurrences in a multi-institutional setting and it can
be simplified by relaxing one or more random effects to adapt to other problems, for example in the case where subjects can encounter a single
failure. Although penalized likelihood and REML methods have been developed for frailty models and packages in R like coxme32 are available for
fitting suchmodels. However, these existing models arise as special cases of our model and thus their fitting methods in the coxme package are not
applicable to ourmodel. In particular, the AR(1) random effect structure used in ourmodel is not available in the package.
The proposedmethodology can be extended to allow for correlation between the randomeffects specified at institution level as in practice these

two random components may potentially share some communality. In Figure 1 the recurrence free proportion curves for treatment and placebo
arms cross over in some institutions, for instance 1, 5, 47, 48, 49, 50 and 51. This prompts the question of whether using a proportional hazards
multilevel frailty model is appropriate for this data. The marginal form of frailty model can give non-proportional hazards model.57 Therefore, in
the circumstancewhere the proportional hazards assumption cannot bemet, modeling themarginal form of frailtymodel in amultilevel framework
would bemore appropriate.
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APPENDIXA: DETAILSOF THE THE ESTIMATIONPROCEDURE FOR THEREGRESSIONCOEFFICIENTS

TheNewton-Raphson iterativemethod in terms of β, u0, u1 and v is
β̃

ũ0

ũ1

ṽ

 =


β(0)

u
(0)
0

u
(0)
1

v(0)

+ ζ−1


XT ∂lA/∂η

ZT
0 ∂lA/∂η − σ

−2
0 u0

ZT
1 ∂lA/∂η − σ

−2
1 u1

ZT ∂lA/∂η − θ−1Γ−1v

 , (11)

where ζ−1 is given as

ζ−1 = −
{

∂2l

∂Φ∂ΦT

}−1

=




XT

ZT
0

ZT
1

ZT


(
−∂2lA

∂η∂ηT

)(
X Z0 Z1 Z

)
+


0 0 0 0

0 σ−2
0 ID 0 0

0 0 σ−2
1 ID 0

0 0 0 θ−1Γ−1




−1

.

Note thatΓ−1
ij =

(
1 + φ2

)
Iij − φJij − φ2Kij , where Iij , Jij andKij arematrices withnij × nij dimension; Iij is the identity matrix; Jij has its

sub-diagonal entries ones and zeros elsewhere;Kij takes on the value 1 at the first and last element of its principal diagonal and zeros elsewhere.
In summary, I , J andK represent the respective block diagonal matrix with elements Iij , Jij andKij , respectively.
The derivatives ∂lA/∂η and −∂2lA/∂η∂η

T are derived in accordance with the work of McGilchrist.33 Thus, define ηq and δq as the qth com-
ponents of the vectors η and ∆ respectively, where η = [η1, ..., ηN ]T and ∆ = [δ1, ..., δN ]T . Let $q = expηq , eq = δq/

∑N
j=q $j , gq =

∑q
j=1 ej , Q = diag($1, ..., $N ), E = diag(e1, ..., eN ), G = diag(g1, ..., gN ), 1 = (1, ..., 1)T andF =


1 . . . 0

...
. . .

...
1 . . . 1

. Then
∂lA

∂η
= ∆−QFE1

and
−

∂2lA

∂η∂ηT
= QG−QFE2FTQ.
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APPENDIX B: DETAILSOF ESTIMATIONPROCEDURE FOR THEVARIANCECOMPONENTSANDTHEIR
STANDARDERRORS

Notice that the estimating equations in (5) and (6) are obtained by differentiating the REML log-likelihoodwith respect σ2
0 and σ2

1 , respectively. For
θ and φ the REML estimators are respectively obtained through the simplification of the following estimating equations:

θ̂ =
1

N

[
trace

(
Γ−1 (ζ44 + Υ)

)]
and

trace
[(
∂Γ−1/∂φ

)
Γ
]

=
1

θ

[
trace

(
(ζ44 + Υ) ∂Γ−1/∂φ

)]
,

whereΥ = vvT and ∂Γ−1
i /∂φ = 2φIij − Jij − 2φKij . The estimating equation for θ can be simplified as

θ̂ =
1

N

M∑
j=1

trace
{[(

1 + φ2
)
I − φJ − φ2K

]
[ζ44 + Υ]

}
and

θ̂ =
1

N

[
L1 + φ2 (L1 − L3)− 2φL2

]
,

whereL1, L2 andL3 are the same as given in section (2.2). Similarly, given that trace
(
(∂Γ−1/∂φ)Γ

)
= −

[
2φ/

(
1− φ2

)]
and ∂Γ−1/∂φ = 2φI −

J − 2φK , simplification of the estimating equations for φ leads to equation (8). When the REML estimate for θ is substituted into equation (8), it
reduces to a cubic equation24 g(φ) = B1φ3 + B2φ2 + B3φ + B4 = 0, which requires numerical solution via a Newton-Raphson like algorithm
to estimate φ. For ML estimator of θ and φ, use=−1

44 to replace ζ44 in the above REML estimating equations. The inverse of the REML information
matrix for computing the standard errors of the variance components can be derived as follows
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Let Ω be a sub block matrix of ζ partitioned conformally to u0|u1|v, that is Ω =


=22 =23 =24

=32 =33 =34

=42 =43 =44

 and it’s inverse is Ω−1 =
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The variancematrix for theML estimators of σ2
0 , σ

2
1 , θ and φ has the following components:
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APPENDIX C: SUPPLEMENTARY SIMULATIONRESULTS

This section gives an overview of the performance of the REML estimation under a relatively heavily censored simulated data. As reported in Table
6 approximately 61.0% of the data are censored. To achieve this censoring proportion, the censoring times were generated from the exponential
distributionwith rate parameterϑ = 0.50. Simulation design is based on the schemewith 50 institutions, 10 patients per institution and number of
recurrence per patient varying from 1 to 5.
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TABLE 6 Estimated biases and standard errors of the REML estimators based on 500 simulations of the multilevel frailty model with D = 50,
mi = 10, nij varying from 1 to 5 and exponential censoring parameter ϑ = 0.50.

Parameter True value Ave. Bias SEE SE Parameter True value Ave. Bias SEE SE

Simulation 1 Simulation 2
61.2% censoring 61.0% censoring
β1 -0.5 0.044 0.118 0.121 β1 -0.5 0.049 0.135 0.140
β2 0.5 -0.041 0.049 0.051 β2 0.5 -0.048 0.059 0.063
σ2

0 0.5 -0.094 0.110 0.113 σ2
0 0.5 -0.110 0.120 0.117

σ2
1 0.3 -0.024 0.129 0.109 σ2

1 0.3 -0.023 0.161 0.123
θ 0.6 -0.029 0.085 0.023 θ 0.6 -0.055 0.098 0.045
φ 0.3 0.036 0.113 0.078 φ 0.7 -0.019 0.061 0.040
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